The quark-level linear σ model (LσM) is revisited, in particular concerning the identification of the f 0 (400-1200) (or σ(600)) scalar meson as the chiral partner of the pion. We demonstrate the predictive power of the LσM through the ππ and πN s-wave scattering lengths, as well as several electromagnetic, weak, and strong decays of pseudoscalar and vector mesons. The ease with which the data for these observables are reproduced in the LσM lends credit to the necessity to include the σ as a fundamental qq degree of freedom, to be contrasted with approaches like chiral perturbation theory or the confining NJL model of Shakin and Wang.
Introduction
The question as to whether the pion has a scalarpartner remains highly topical, now that the f 0 (400-1200) (or σ) meson has become a firmly established resonance. For the latter reason, the bone of contention has shifted from the cavilling at the "existence" of the σ towards a somewhat more sensible discussion whether the σ is a "fundamental" or a "dynamically generated" particle. Now while there is little dispute about what "fundamental" (or "intrinsic") means in a mesonic context, namely a totally colorless state composed of normally one but possibly morepairs, the term "dynamically generated" (or "dynamical" only) has been used by several authors to express rather different physical mechanisms.
For instance, in a Comment 2 on a paper by Törnqvist and Roos (TR), 3 Isgur and Speth (IS) argued that the σ meson, at least in their approach, is a broad "dynamical pole" due to t-channel forces only, arising from degrees of freedom already present in the meson-meson continuum, in contrast to an "intrinsic pole" resulting from a newdegree of freedom in the dynamics. Moreover, IS criticized and drew into question the conclusions of TR because of the omission of t-channel forces in their work. However, in another Comment 4 on TR's paper, Harada, Sannino and Schechter demonstrated in a concrete model calculation that this omission appears to be not very crucial and only mildly affects the σ-meson mass and width. Also in the unitarized meson model of two of us, 5 the σ resonance is a consequence of the inclusion of p-wavestates, but strongly coupled to the meson-meson continuum via the 3 P 0 mechanism. This gives rise to a doubling of the number of poles originally present in the ground-state confinement spectra, the lower poles corresponding to the light scalar mesons like the σ. In this formalism, it makes little sense to talk about "intrinsic" versus "dynamical" poles, since the whole unitarization scheme is highly dynamical, producing large effects that strongly influence all poles. A similar conclusion has been reached very recently by Boglione and Pennington.
6
In chiral-symmetric approaches like the quark-level Linear σ Model (LσM) 7, 8 and the Nambu-Jona-Lasinio (NJL) model, 9 the σ meson naturally appears as the chiral scalarpartner of the pion. Moreover, in the LσM the σ, which is introduced as an elementary degree of freedom in the Lagrangian, is also self-consistently generated in loop order through a quark loop and tadpole.
8 So the σ meson is both "fundamental" and "dynamically generated". On the other hand, in the confining NJL model of Shakin and Wang (SW), 10, 11 no light scalarstate shows up, in contrast to the traditional NJL approach. However, SW do predict a light scalar resonance, which could be interpreted as the f 0 (400-1200), merely through t-and u-channel ρ exchange in ππ scattering, 11 in much the same way as IS 2 (see above). Such states SW call "dynamically generated" resonances, as opposed to "pre-existing" ones. These model results have led them to conclude that 10 "the σ obtained from the study of ππ scattering is not the chiral partner of the pion" and "the nonlinear sigma model is the model of choice". In Ref. 11, SW also arrive at several other conclusions on the nature of different scalar mesons, which we have shown 12 to be not supported by experiment (see also Ref. 13 ). In Ref. 12, we also argued against the strict distinction between "intrinsic" and "dynamically generated" scalar-meson states made by SW.
In this paper, we re-address the issue of the pion's chiralpartner, and reach the following conclusions: (a) indeed an f 0 (630) is dynamically generated from the chiral field theory constituted by the quark-level LσM, 8 which is based on the original chiral Gell-Mann-Lévy nucleon LσM, 7 but also predicts the famous NJL 9 result m σ = 2m q ; (b) the above SW conclusion on the nature of the σ meson is incorrect. Instead, this σ(630) is indeed the scalar nn chiral partner of the pion.
Rather than just repeating the analysis of Ref. 14,8 A LσM is manifestly renormalizable and much easier to handle than the nonlinear NJL scheme, 9 yet chiral symmetry in fact blends together these two pictures, 16 as the dynamically generated theory 8 shows. Specifically, the SU(2) LσM interaction Lagrangian -due to dynamical symmetry breaking 8 or spontaneous symmetry breaking 14 -reads, after the shift of the σ field,
Here, the fermion fields refer to quarks generated in the CL as m q ≈ 325 MeV, 8 and the Gell-Mann-Lévy chiral relations at tree level are
Moreover, at one-loop level Eqs. (2) are recovered, together with two new equations 8 in the CL:
for N c = 3, also dynamically generated. Then, g = 2π/ √ 3 = 3.6276, and
are dynamically generated, from the chiral GTR. 8 Finally, all three LσM couplings in Eq. (1) are dynamically generated as
Furthermore, this LσM then also recovers the vector-meson-dominance (VMD) prediction g ρππ = g ρ from quark loops alone. When the π-σ-π LσM meson loop is added, this VMD prediction is extended to
Underlying Eqs. (3)- (6) is the CL log-divergent gap equation (LDGE)
corresponding to the V ππ quark-loop form factors, automatically normalized to 8, 18 F π (q 2 = 0) = 1. Further invoking the LDGE (2.7) in turn requires 8, 19 
close to the value 6.04 needed to obtain the observed ρ width 150.2 MeV.
Chiral cancellations for strong-interaction s-wave ππ and πN scattering lengths
Consider the low-energy ππ and πN LσM graphs of Figs. 1 and 2. Away from the CL, the ππ contact graph with coupling λ (Fig. 1(a) ) is related to the cubic meson coupling ( Fig. 1(b) ) as 
In other words, the contact term λ "chirally eats" the σ pole at s = m 
Thus, for m σ = 650 MeV (as dynamically generated in Ref. 8 via the GTR), the I = 0 s-channel amplitude 3A+B +C predicts a 23% enhancement of the Weinberg s-wave scattering length at s = 4m
If instead we use m σ = 550 MeV, a value which is closer to what is found in unitarized meson models, 5,3 we get ε = 0.063, so that Eq. (12) yields an increased scattering length a
π . The latter result is also obtained in a two-loop chiral-perturbation-theory (ChPT) calculation involving about 100 arbitrary LECs! So we prefer working with the simple parameter-free LσM form (2.12), since the Weinberg PCAC scattering length 20 is based on the PCAC equation itself, first derived via the LσM Lagrangian, 7 our Eq. (1). Proceeding to the s-wave πN scattering length, the πN background amplitude with pseudoscalar (PS) coupling and "Adler consistency condition" (ACC) is, 22 for
Then the isospin-zero scattering length corresponding to the "large" PS πN pole term, reads
is reduced to near zero by adding to it the term of Eq. (13):
due to the ACC soft-pion theorem. Stated in LσM language, when the σ pole in Fig. 2(b) is added to Fig. 2 (a) (Eq. (14)), the net πN scattering length (due to the LσM coupling (2.9)) combined with the GTR again leads to the small scattering length (2.15).
b,23
These "miraculous" 7 chiral cancellations, Eqs. (10) and (15) , both due to the LσM coupling (2.9), appear to follow the experimental data, suggesting a π , respectively. However, ChPT advocates prefer to work with a (seemingly non-renormalizable and obviously nonlocal) pseudovector theory, derived from a nonlinear σ model, from which the σ meson has been eliminated as a fundamental degree of freedom. In our opinion, this is one of the reasons why in ChPT the above results require such a tremendous effort, while they are almost trivially obtained in the quark-level LσM. At this point, we also cannot ignore the mounting experimental evidence for the existence of the σ. 
The resulting isoscalar scattering length is consistent with our estimate obtained from the ACC given in Eq. (15) . Furthermore, we should note that various previous works treating πN scattering on the basis of the sum of a pole-and a sigma-exchange term (like e.g. the model of Hamilton 23 ) associate the pole term with the excitation of intermediate antinucleons rather than nucleons.
Pion charge radius and the chiral pion
Now we comment on the chiral structure of the pion charge radius
for the chiral-limiting value f π = 90 MeV, which result is close to the measured 
This tightly bound (fused) pion charge radius, as observed experimentally, certainly suggests the chiral pion wave function is qq. Note that ChPT requires r π to be proportional to the parameter "L 9 ". c We prefer the parameter-free forms, Eqs. (17) and (18) above.
Chiral couplings for π
0 → 2γ and σ → 2γ e.m. decays
One knows that PVV LσM coupling 28 or AVV coupling 29 gives the gauge-invariant chiral quark-loop π 0 → 2γ amplitude
for N c = 3. This is in perfect agreement with the data
Likewise, the chiral partner to the π, the σ(630), predicts the gauge-invariant quark-loop-plus-π + -loop amplitude
corresponding to the decay rate (for m σ = 630 MeV)
This prediction is reasonably compatible with the extracted σ → 2γ rates 31, 32 (3.8 ± 1.5) keV and (5.4 ± 2.8) keV, respectively, provided that these rates indeed refer to the σ, as advocated by the authors, 31 and not to the f 0 (1370).
Chiral transitions for weak K S → 2π decays
The s-channel σ-pole graph of Fig. 3 dominates parity-violating (PV) K S → 2π decays, with PV weak amplitude magnitude 
for H w built up from V − A chiral currents (PC = parity conserving). Equating (22) to (23) gives a definition of chiral π and σ partners 30 :
The charge algebra [Q + Q 5 , H w ] = 0, PCAC, and Eq. (24) 
Quark-Loop LσM Strong and e.m. Decays
Rather than proceeding on with more detailed weak-interaction predictions, from Sec. 2 we test the LσM quark-loop predictions directly against the data for strong and e.m. decays. First consider the udu plus dud quark loops for ρ 0 → π + π − decay with the LDGE (2.7), leading to g ρππ = 2π, Eq. (8). The latter LσM VMD coupling predicts the rate
close to data at 1 (150.2±0.8) MeV. For the small ρ 0 → e + e − and ω → e + e − decays, we use single-photon exchange to extract the g ρ and g ω couplings from data 1 :
leading to
The latter couplings are near the U(3) value g ω = 3g ρ , assuming the ω is purely non-strange. But one knows 1 that there is a slight ω-φ mixing angle φ V ≈ 3.7
• , from the small φ → πγ decay. Note that the LσM coupling g ρππ is relatively near g ρ ≈ 5.03 found in Eq. (28) . However, when one adds the π-σ-π meson loop to the quark loop, one knows from the LσM Eq. (6) that actually g ρππ /g ρ = 6/5, whereas Eq. (28) predicts the nearby ratio
Next consider the e.m. decays ρ → πγ and ω → πγ. Our only use of SU(3) symmetry is λ γ = λ 3 + λ 8 / √ 3. This predicts the quark-loop decays, using the g ρ and g ω couplings from data in Eq. (28),
with |M ρπγ | = eg ρ /8π 2 f π = 0.207 GeV −1 , which comes out close to the data
keV. Likewise, the LσM predicts
with |M ωπγ | = eg ω cos φ V /8π 2 f π = 0.7017 GeV −1 , very close to the data 1 Γ ω→πγ = (717 ± 43) keV.
Finally, the e.m. decay π 0 → 2γ is predicted via u and d quark loops, together with the gauge-invariant amplitude (2.18) and N c = 3, to be
again close to the data 1 Γ π 0 →2γ = (7.74 ± 0.55) eV. When considering η and η initial states, we circumvent explicit η-η mixing by only computing the sum of their squared matrix elements, thereby using cos 2 φ P S + sin 2 φ P S = 1. Then, 
Given the measured central-value rates and masses 1 Γ η2γ = 464 eV, m η = 0.5473 GeV, Γ η 2γ = 4282 eV, m η = 0.9578 GeV, Γ π 0 2γ = 7.74 eV, m π 0 = 
Conclusions
In the preceding we have shown, by straightforward computation, that the quarklevel LσM of Refs. 14 and 8 easily reproduces the small ππ and πN s-wave scattering lengths, the pion charge radius, and a variety of e.m., weak, and strong decays of pseudoscalar and vector mesons. The crucial part for most of these processes is the inclusion of the f 0 (400-1200), alias σ meson, as a fundamentaldegree of freedom. This occurs very naturally in the LσM, where the σ can then also be dynamically and self-consistently generated, 8 as well as in the unitarized quark/meson model of Ref. 5 . Moreover, a finite-temperature (recall footnote b) chiral-phase-transition approach, 34 which independently "melts" the quark mass, the σ mass, and the quark condensate in QCD, suggests that the above LσM can be identified as the infrared limit of QCD.
35
In contrast, nonlinear approaches where the σ does not show up as astate or has even been designedly eliminated as a fundamental degree of freedom, like the confining NJL-type model of SW 10, 11 and ChPT, appear to have difficulties in reproducing several low-energy data, besides having strained relations with the now firmly established σ itself.
c, 30 We therefore argue that the conclusion of SW 10 according to which the σ is not the chiral partner of the pion is not based on "major chiral-symmetry violations", but rather on the complications and possible approximations in their nonlinear NJL scheme. In this respect, we should point out the following apparent contradiction in SW's line of reasoning. In Ref. 10 they conclude that confinement is quite a small effect for the π(138) and K(495) mesons, which may even be best to neglect altogether. However, in Sec. 2.3 we showed that the observed pion charge radius suggests in fact a(fused) π meson composed of tightly bound quarks, corresponding to an almost massless Nambu-Goldstone pion. Moreover, the well-understood NJL model without confinement does predict a bound-state σ meson as the chiralpartner of the pion. We believe to have demonstrated, in the framework of the quark-level LσM, that this is indeed the scenario favored by experiment.
